Abstract. We discuss a certain class of absolutely irreducible group representations that behave nicely under the restriction to normal subgroups and subalgebras.
Introduction
We start this paper with the following natural definition. Definition 1.1. Let V be a vector space over a field k, let G be a group and ρ : G → Aut k (V ) a linear representation of G in V . Suppose R ⊂ End k (V ) is an k-subalgebra containing the identity operator Id. We say that R is normal if ρ(s)Rρ(s) −1 ⊂ R ∀s ∈ G. The following assertion is a straightforward generalization of well-known Clifford's theorem [1] ; [2, §49] ; [5, §8.1] ; [3, Ch. 6] . Lemma 1.3 (Lemma 7.4 of [7] ). Let G be a group, k a field, V a non-zero k-vector space of finite dimension n and
an irreducible representation. Let R ⊂ End F (V ) be a normal subalgebra.
Then: (i) The faithful R-module V is semisimple.
(ii) Either the R-module V is isotypic or there exists a subgroup G ′ ⊂ G of index r dividing n and a G ′ -module V ′ of finite k-dimension n/r such that r > 1 and the G-module V is induced from V ′ .
The following notion was introduced by the author in [7] (see also [8] ); it proved to be useful for the construction of abelian varieties with small endomorphism rings [10, 9] . Definition 1.4. Let V be a non-zero finite-dimensional vector space over a field k, let G be a group and ρ : G → Aut k (V ) a linear representation of G in V . We say that the G-module V is very simple if it enjoys the following property:
Here is (obviously) an equivalent definition:
In this paper we prove that very simple representations over an algebraically closed field are exactly those absolutely irreducible representations that are not induced from a representation of a subgroup and do not split non-trivially into a tensor product of projective representations. We also give a certain criterion that works for any ground field with trivial Brauer group.
The paper is organized as follows. In §2 we list basic properties of very simple representations. In §3 we discuss certain natural constructions of representations that are not very simple. The Section 4 contains the statement of main results and their proof.
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Very simple representations
Remarks 2.1.
(i) Clearly, if dim k (V ) = 1 then the G-module V is very simple. In other words, every one-dimensional representation is very simple.
(ii) Clearly, the G-module V is very simple if and only if the corresponding ρ(G)-module V is very simple. (iii) Clearly, if V is very simple then the corresponding algebra homomorphism
is surjective. Here k[G] stands for the group algebra of G. In particular, a very simple module is absolutely simple. (iv) If G ′ is a subgroup of G and the G ′ -module V is very simple then the G-module V is also very simple. (v) Suppose W is a one-dimensional k-vector space and
is a one-dimensional representation of G. Then the G-module V ⊗ k W is very simple if and only if the G-module V is very simple. Indeed, there are the canonical k-algebra isomorphisms
which are isomorphisms of the corresponding G-modules. 
Counterexamples
Throughout this section, k is a field, V a non-zero finite-dimensional k-vector space and ρ :
Then V is not very simple. Indeed, the subalgebra
is normal but coincides neither with k · Id nor with End k (V ). (Here Id V2 stands for the identity operator in V 2 .) Clearly, the centralizer of R in End k (V ) coincides with Id V1 ⊗ End k (V 2 ) and is also normal. (Here Id V1 stands for the identity operator in V 1 .) (ii) Let X ։ G be a surjective group homomorphism. Assume that there exist
Then the X-module V is not very simple. Since X and G have the same image in Aut k (V ), the G-module V is also not very simple.
Definition 3.2. Let V be a vector space over a field k, let G be a group and
be a central extension of G, i.e., C is a central subgroup of G which coincides with the kernel of surjective homomorphism π : X → G. Suppose that the representation
Then we say that the G-module V splits and call the triple (X π ։ G; ρ 1 , ρ 2 ) a splitting of the G-module V .
We say that V splits projectively if both images ρ 1 (C) ⊂ Aut k (V 1 ) and ρ 2 (C) ⊂ Aut k (V 2 ) consist of scalars. In other words, one may view both ρ 1 and ρ 2 as projective representations of G. In this case we call (X π ։ G; ρ 1 , ρ 2 ) a projective splitting of the G-module V .
We call a splitting (X π ։ G; ρ 1 , ρ 2 ) absolutely simple if both ρ 1 and ρ 2 are absolutely irreducible representations of X. Remarks 3.3. We keep the notations of Definition 3.2.
(i) Clearly,
This implies that if End
and therefore the corresponding X-module V is not simple. This implies that the G-module V is also not simple. (iii) Suppose that the G-module V is absolutely simple and splits. It follows from (i) and (ii) that both ρ 1 and ρ 2 are also absolutely simple. In other words, every splitting of an absolutely simple module is absolutely simple. Now the centrality of C combined with the absolute irreducibility of ρ 1 and ρ 2 implies, thanks to Schur's Lemma, that both images 
Then V is not very simple. Indeed, one may view W as a G ′ -submodule of V such that V coincides with the direct sum ⊕ σ∈G/G ′ σW and G permutes all σW 's. We write Pr σ : V ։ σW ⊂ V for the corresponding projection maps. Then R = ⊕ σ∈G/G ′ k · Pr σ is the algebra of all operators sending each σW into itself and acting on each σW as scalars. Clearly, R is normal but coincides neither with k · Id nor with End k (V ).
Remark 3.5. Suppose k ′ /k is a finite algebraic extension of fields. We write Aut(k ′ /k) for the group of k-linear automorphisms of the field k ′ . It is well-known that Aut(k ′ /k) is finite and its order divides the degree [k ′ : k]; the equality holds if and only if k ′ /k is Galois.
Suppose there exists a homomorphism χ : G → Aut(k ′ /k) enjoying the following property:
There exists a structure of k ′ -vector space on V such that
We claim that if the G-module V is absolutely simple then k ′ /k is Galois and χ is surjective. Indeed, let us consider the image χ(G) ⊂ Aut(k ′ /k). We write k 0 for the subfield of χ(G)-invariants in k ′ . We have
the degree [k ′ : k 0 ] coincides with the order of χ(G) and therefore divides the order of Aut(k ′ /k). Clearly, G acts on V by k 0 -linear automorphisms, i.e., k 0 commutes with the action of G on V . Now the absolute irreducibility of V implies that k 0 = k.
coincides with the order of χ(G) and therefore divides the order of Aut(k ′ /k). This implies that [k ′ : k] coincides with the order of Aut(k ′ /k) and therefore k ′ /k is Galois. Since [k ′ : k] coincides with the order of χ(G), the order of the group Aut(k ′ /k) must coincide with the order of its subgroup χ(G) and therefore χ(G) = Aut(k ′ /k), i.e., χ is surjective.
Definition 3.6. We say that the G-module V admits a twisted multiplication if there exist a nontrivial Galois extension k ′ of k and a surjective homomorphism χ : G → Gal(k ′ /k) enjoying the following property: There exists a structure of k ′ -vector space on V such that
(Here Gal(k ′ /k) stands for the Galois group of k ′ /k.) In other words, G acts on V by k ′ -semi-linear automorphisms.
Example 3.7. Let us assume that V admits a twisted multiplication. Then the degree [k ′ : k] divides dim k (V ) and therefore dim k (V ) > 1. Then the G-module V is not very simple. Indeed, k ′ is obviously normal but does coincide neither with k · Id nor with End k (V ), since k ′ = k and End k (V ) is noncommutative.
Remark 3.8. Let us assume that either k is algebraically closed or G is perfect and k is finite. Then V never admits a twisted multiplication, because either every algebraic extension k ′ /k is trivial or G is perfect and every Galois group Gal(k ′ /k) is abelian. In the latter case every homomorphism from perfect G to abelian Gal(k ′ /k) must be trivial. 
Main Theorem
The isomorphism ψ gives rise to the isomorphism of k-vector spaces
We have
Since W is simple, k ′ is a finite-dimensional division algebra over k. Since the Brauer group of k is trivial, k ′ must be a field. Clearly, k ′ is a finite algebraic extension of k.
In particular,
Clearly, End R (V ) ⊂ End k (V ) is stable under the adjoint action of G. This induces a homomorphism
Since k ′ is the center of Mat d (k ′ ), it is stable under the conjugate action of G. Thus we get a homomorphism χ :
I claim that the absolute irreducibility of V implies that k ′ /k is Galois and χ is surjective. Indeed, the inclusion k ′ ⊂ End k (V ) provides V with a natural structure of k ′ -vector space and it is clear that
It follows from Remark 3.5 that k ′ /k is Galois and χ :
and one may rewrite α as
It follows from the Jacobson density theorem that
The adjoint action of G on R gives rise to a homomorphism
Notice that
Clearly, there exists a central extension π : X ։ G such that one may lift projective representations α and β to linear representations
respectively. For instance, one may take as X the subgroup of G × Aut k (V 1 ) × Aut k (V 2 ) which consists of all triples (g, u 1 , u 2 ) such that α(g) coincides with the image of u 2 in Aut k (V 2 )/k * and β(g) coincides with the image of u 1 in Aut k (V 1 )/k * . In this case the homomorphisms π, ρ 1 , ρ ′ 2 are just the corresponding projection maps (g,
Now I am going to check that the tensor product ρ 1 ⊗ ρ ′ 2 coincides with the composition ρπ :
up to a twist by a linear character of X. In order to do that, notice that if x ∈ X and g = π(x) ∈ G then the conjugation by ρ(g) in End k (V ) = End k (V 1 ⊗ k V 2 ) leaves stable R = End k (V 1 ) ⊗ Id V2 and coincides on R with the conjugation by ρ 1 (x) ⊗ Id V2 (by the definition of β and ρ 1 ). Since the centralizer of End k (V 1 ) ⊗ Id V2 in
coincides with Id V1 ⊗ End k (V 2 ), there exists u ∈ Aut k (V 2 ) such that ρ(g) = ρ 1 (x) ⊗ u.
Since the conjugation by ρ(g) leaves stable the centralizer of R, i.e. Id V1 ⊗End k (V 2 ) and coincides on it with the conjugation by Id V1 ⊗ ρ ′ 2 (x) (by the definition of α and ρ ′ 2 ), there exists a non-zero constant λ = λ(x) ∈ k * such that u = λρ ′ 2 (x). This implies that for each x ∈ X there exists a non-zero constant λ = λ(x) such that ρπ(x) = ρ(g) = ρ 1 (x) ⊗ u = λ · ρ 1 (x) ⊗ ρ ′ 2 (x). Since both ρπ : X → Aut k (V ), ρ 1 ⊗ ρ ′ 2 : X → Aut k (V ), are group homomorphisms, one may easily check that the map
is a group homomorphism (linear character). Let us define ρ 2 as the twist 
